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1. INTRODUCTION

IN statlstlcal designs of experiments in the field of industry (especrally
" in the chemical industry), numerous problems involve the fitting of a
response surface, in which the response depends on one or more con-
trollable variables or factors. Box and Hunter [1957] introduced a
new class of designs called rotatable des1gns which permit a response
surface to be fitted easrly and provrde spherical information contours.
A thlrd order rotatable desrgn aids the ﬁttrng of such a cubic surface

<

Let k be the number .of independent variables or factors and.let
(X1us Xou +++» Xx,) De the levels of these factors for the u-th of the N
experimental points in the k-dimensional factor space (u = 1,2, ..:, N).
.Let 7, be the expectation of the response at the u-th experimental point.
Itis assumed that the response surface may be approxnnated by a third
Edegree surface w1th1n the range of mterest, that 1s,

ﬁoxo.s + )-_: 34’% + Z' B’leuxju + 2 ﬂi}zx,ux;‘afiu

:where xo,, 1s a dummy varrate and the measurements of the kK factors
;vhave been coded such that Z' x,,, = 0 (z —1 2,. k) A set of

' "’_pomts 4$5aid to form" a rotatable desrgn of thrrd order in: k factors
the followmg relatlons hold : T

T Ime=Inis =Inl= AN,
B) Zxpt=2xt=. —Z'xku4—32xm xm _.3,\4N
) I . . 0#1—12.;”@,
O @Emp=Trns= = zxku 5T X,

CG£i=1,2,...,k),
(Cz)z xm x!“ = 3 Zx/[“ Xin x;“ 2 = 3ABN
O#J#L—IZ . k)

o
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and all other sums of powers and products upto and including order
six are zero. ‘The summations are over all design points, u =1, 2,
..., N. The relations (D,) and (D,) ensure the estimation of the. terms
involved in the third degree equation (1.1) and are also independent
of the scale. By convention, the.scale of the design is normally adjusted
so that A, = 1. This adjustment is a convenience and not essential.
In this paper, scaling has been performed only for a few desrgns where
the tables are prepared to give the values of the parameters A, and Ag
for dlﬁ'erent values of N the total number of points. The purpose to
prepare such tables is to prov1de a basis for the selection of a more
useful desrgn in the sense ' that des1gn with larger differences in the
relat1ons (D,) and’ (D2) are better as 1nd1cated by Gardiner et al. [1959]
that if the relation '(Dy) is very close to an equality then the linear and

< 5 1.2)

: cub1c coeﬂicrents are very poorly estlmated

2. ORTHOGONAL BLOCKING N, ROTATABLE DESIGNS .

' Suppose a th1rd ‘order rotatable de31gn is “split “into two sets of
points ‘hereafter called blocks such that each block is a'completé second
order rotatable des1gn An experrmenter may tty otie of these second

order des1gns (preferably one Wwith smaller number of pomts) and
" approximate -the -response function, using “a second order surface. If
-thé ‘second order surface is found adequate as the representation of
_the .unknown function- by. notmg evidence of goodness -of fit, the experi-

menter then may stop-at this stage. - If the second order surface is

' observed 1nadequate the’ eXpenmental desrgn 1s then usually augmented

h1rd order surface (l 1) with the help of all the pomts in two blocks
Thus the experimental programme progresses sequentrally, the first
block providing the information for the next step..’ o

Nl

Let. . . oo S e
! n1 = number of noncentral pomts in the ﬁrst block;
nm = number of central pomts 1n the ﬁrst block

ny = number of noncentral pomts in the second block

. Ngy=-number of central points in the second block
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Then the condition for orthogonal blockmg, as given by Gardiner ef al.
[1959], is

21 xmz
_(m+tn 0) . )
22 Xud (2 n:0) @1

where 2 and Z‘ in the numerator and denominator denote the sum-
mation-for the values of u:in the first block:and second block respectively.

3 GENERATION OF. POINTS IN k—DIMENSIONS

" The method -as explamed by Bose and Draper [1959] for generation
of’ pomt sets in k-d1mens1ons, 1s used here and is discussed below
briefly. Let (%g X5, + .5 X) bE a pomt set in k-dimensions and let
P, be the symmietric group of order k, that is, the group of all permuta-
tions of k elements. By operating upon (xl, X, «. .y X) with the
elements of Pk, we can obtain k/ point sets provided all the elements
are non-zero and distinct. The point set (X, Xy, ..., X;) Will supply
2% pomts given by (£ xq, &+ Xy, - .., £ X,) With the zth factor at two
levels + x; and — x; (= 1,2, ..., k), and therefore the total number
of design points generated through the initial point set (xy, X5, ..., X5)
is k125 ) ”

4, SEQUENTIAL THIRD ORDER ROTATABLE DESIGN IN THREE FACTORS

“Consider. the following two blocks, each constltutmg a second
order rotatable design; . ... .

:Bloek_ (1) . )
© (i) C@x2% = 12 points of the pomt ‘set’ (\/Za, 1/2a 0),
() Cl3><2 — 6 points of the’ point set (_?.i‘ a, 0, 0),

plus ny, the requls1te number of centre pomts Total number of points
in block (i) = 18-+ ny. : ' -

Block (i) .
@) 16 pomts of the doubly rephcated pomt set (a, a, a)
| (i) C3% X2=6 points of the point set (+/3-818662 3 818662 a, 0, 0),
(iii) C,® ><2 = 6 points of the point set (/1190708 i 190709 a 0, 0),

plus ngg, the requ1s1te number of centre pomts Total number of points
in block’ (i) = 28" ny. : : D

T S T
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- From' Equation (2.1), we get- - - L
T mg=5306040-8324my 1 (4 1)
for determining n,;, and ny, as required for orthogonal blockmg G1ven
below in the table are some p0581b1e values of njg, #ag, -N; Aj; A and -g?
so that 2’ X2 = N. The total number of non—central pomts m the

=1

design is 18 + 28 = 46.

D e o e e s

r_ "10 '1.20". N )‘4v . A T AR et
5. 0.5l 7180 3840  -3682 1-0697296

6 1 .53 -T462 4147 3977 - 1-1116798
7. 2 55 . <7743 -4466  -4283 1'-1':53‘6‘2"99_"

s 3 :57 8025 4797 4600  1-1955801

94 59 8306 si40 4928 1-2375303

‘IN Four FACTORS

" Gardiner et al. [1959] obtained-one sequential third order rotatable
design with four factors in 128 noncentral points, Recently, Draper
[1960] constructed a sequent1a1 thrrd order rotatable design with four
factors in 96 noncentral points. W1th k = 4, an infinite series of th1rd

i
]
l
t 5. SEQUENTIAL THIRD ORDER ROTATABLE DESIGNS

order . rotatable des1gns has-been . obtamed F1rst1y we are presenting
_. a design with 72 points, and then four des1gns of the mﬁmte serles with
| 112, 72, 120 and 88 pomts

N :5.1 De.s'tgn wzth 72 Poznts

A sequential third order rotatable de51gn may be formed from
the points of the following three point sets:— - .y

)] C24x22'= 24 point's-_ of the poiht set .
. (25‘ a, 28 a; 0, 0), (known ‘as * truncated cubé (2) ”),
~-(ii) 32" points of doubly rephcated point set (a, a, a, a),

| _(111) 2 (G*x2) =16 points of doubly rephcated pomt set:‘x
] T (24,0, 0, 0). '
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By double replication of a point set, we mean each point-of the point {
set has to be taken twice. For sequential programming, the first block

consists of the points of point set (1), plus ny,, the requ1s1te number |
of centre points; while the second block consists of the points of point 1
sets (i), (iii), plus ns, the requisite number of centre points. The total

number of points in the first block and second block are 24 + ny, and '
48 - ny, tespectively. The equation (2.1) gives — ° ‘ , 1

1y = 6.2381 4 0.6299 ny
while the values of 749, a9, N, A, and A, are given below together with

N
the values of 4% such that Y x;,2=N.

u=1 )
(T Cny N A A 22 a?
6 0 78 . 7314 14065,  -4012 . :0-9969567 |
7 1 80 7502 4276 -4220  1-0225190 ;
8 3 83 7783 4603 4543  1-0608691 1
10 - 6 © 88 ' 8252 --5174 15107 .1-1247716. i
5.2. Designs with 112, 72, 120 and 88 Points | |
With the object of obtaining a third order,rotatable des1gn in four i

factors startmg with the point set (a, a, a, b), known as “ truncated
cube (1) » it has been found that the’ followmg pomt sets form an
1nﬁn1te series of third order rotatable designs. : T

(@) CA ><24— 64 . pomts of: the. pomt«set (a; a; ay b), :

" (i) C24><22 =24 ‘points of the pomt set (c c 0 0),
(111) 8 points of the point set (d 0 0, O), ‘ ST
(iv) 8 points of the point set (e, 0,0, 0),"

.. (v) 8 points of - the;point set (£, 0,0,0), -

(v1) 8- pomts of the’ pomt set (g,O_ 0 0)

From the. relatlons (B) (Cl) (Cz) of (1 2), we get the followmg three i
equatlons Cworw . - T B TR LU S

u2+vz+s2+t2—"—8p2+48p+24
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84° —2(u3+v"+sa+t3)—16p — 80p2 —80p—112
' (522)

Sgh=—4pt432p 4 . (5.2:3)
where bt = pat; ¢ = qa?, d? = ua?, e* = va?, f? = sa? and g®= ta%
By substituting the value of ¢® from (5.2.3) in (5 2. 2), we get two
equatlons in terms of p,u, v, s, ¢; : .

Wbt p st — 848 4+24, (5.2.9)
Wt v 45+ 3= — 8p3 + 24p® + 168p + 72. (5.2.5)

By assigning a specified positive value to p, the value of g can be obtained
from(5.2.3) while the values of u, v, s and ¢ are to be assessed from
(5.2.4) and (5.2.5). From (5.2.3), it is evident that the positive
solution for ¢ exists for p <4 + 4/17. Similarly, the equations (5.2. 4) .
and (5.2.5) give the limits of p for which the right-hand side of (5-2.4),
(5.2.5) will attain positive number. This limit is p < 3 -+ 4/12. Thus,
to bring positive solutions for ¢, #, v, s,.t, the value of p must lie in
the interval (0, 3 + +/12).

The purpose of taking last four pomt sets (m), (1V) ), (v1) is to
get- positive ‘solutions for u, v, s and #; Take minimum number of
such point sets for which the positive solutions of u, v, s, # can be sought.
For instance, let p = 0 then the equatlons . 2 1), (5 2. 2), (5 2. 3)
reduce to

u3 + ’Da + s34 13 =72 e R N T ~";‘-'
It can be seen that by taking only twe point sets (d, 0,-0,-0) and (e; 0, 0, 0),

the positive solutions for  and » cannot be obtamed since the condi-
tion, according to Das [1961], that is

A3 2
< A o . ..
2 B A L ] P . -'_"\';Z"I, : oo

whe're u? + v2 =d, u +v3= B .and A and B are p'ositive ‘numbers,

it is possible to get p051t1ve solutlons for u v, s, Though there ex1sts
infifiite-solufions for i;v,'s; we will present only one solution for ‘i,:%;s?
since our aim is not to exhaust all possiblesolutionsbutsimply to illustrate”
how-the solutions can be.assessed.. The-solutions .for ¢° = 4. y: = 2, .are
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P 34824565 - il R el T e
(s = 28667477

and obviously ¢ = 0. LT oo

The resultant design, ‘with 112 non-ceniral points, ‘can be- fitted
into ‘séquential programming by ‘taking the' points of point set- (i),
plus nyy, the requisite number of ceritre’ points in the first block.” The
second. block consists of points derivable from. the point sets (i), (i),
(iv), (v) plus Haos the requisite number of centre pomts The equation
(2.1), which expresses the orthogonal blocking, gives : '

- nyp="1+9494 1 02948 myg. -

The values of nm, Hap;. N )\4, As and a2 are glven below as earher —

?:'}'fhm: Cme. NN ) Moo “gxg | '.a’é'
27 0 114 - 6856 - 3553 <3525 1 362866
3 4 19 TIST 3871 ‘-384i_v 1422641

~In the above de31gn with 112 pomts we may notlce that the pomts
of the point set (a, a, a, 0) are.doubly rephcated However, it is poss1b1e
to derive a de51gn w1th smgle rephcatlon of the point set (a, a,a, 0)

giving 32 points, in conjuction with point sets (ii), (i), and (iv). The:

.- solutions, for:g,. u, v, in:this case, are .. *

an S
u = 3247411, SR
v =1- 205952 e e

:and obv1ously 5§ = 0 t— 0 The resultant des1gn contalns 72 hon—
central points. R 4 ,

Another'design can bé obtairied in 120 noncentral points by putting
P 1 in (5 2. 1) (5 2. 2), and (5.2. 3) The resultant three equatlons are

EUA i _32 : e
" u2+v2+S2+ tZ =64 “"‘J_”"' ' Pl e ’
Lo “"+v3+s3+t3 s

T-h‘e:vsolutlons for u;v;s,and £ are w==v ="g==ig-2= 4; 7 il
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The. fourth. design in- 88 noncentral points-can-be - obtained by
putting p = 3 4 4/12 in (5.2. 1), (5 2. 2), and (5 2. 3) The resultant
three equations are - o

wt ottt 2=0, ’
. u3+’03+S3+t3—0 '
which ultImately giveu=0, v = 0 s= 0 t = 0 The last two deSIgns '
can be fitted into sequentlal plan by ‘taking the pomts of pomt set. (11),
plus ny,, the requisite number of centre points in ‘the first block and the
points of the remaining point sets, plus 7y, the requisite number "of

centre. points in the second block. ~The values of 7o, 15 are to be chosen
so as to satlsfy the equatlon (2 1) of orthogonal blocklng, thIe the

scalmg factor ‘a, is chosen 80 that Z’ Xu?=N.
tg=1 v
.

6 SEQUENTIAL THIRD ORDER ROTATABLE DESIGN IN FIVE FACTORS

A th1rd order rotatable desrgn in five factors may be performed
sequentlally in the following -two blocks. - . S

) 32 pomts of the- pomt set- (a, a, a, a; a),
(n) 10 pomts of the pomt set (25/4a, 0 .0, 0 0),

plus ny,, the requisite number of centre pomts Total number of pomts
In block (1) =42 4 nm

Block (11)
@ Ca x2% = 80 pomts of. the point set (\/2a, /2a \/2a 0, 0),
- (i) C"’><22 = 40 points of the pomt set (2§a 2§a 0 0, 0)
(i) 10 points of the. point set -(1/5-8693939 4, 0, 0,0, 0),
(iv). 10. points. of the point set (4/0-9225051 9225051 a,0,0,0, 0),

Y
1

“plus ny,,-the requisite number of centre pomts Total number of pomts

in block (i) = 140 + ny.-

The resultant design contains. 182 noncentral,po_ints while the
values of ny,, 1y are to be chosen so as to satisfy the equation (2.1)
of orthogonal blockmg Again, the scaling factor a is'chosen so. that
Tx,2=N.. - AR



226 JOURNAL OF. THE INDIAN SQCIETY OF AGRICULTURAL. STATISTICS

7 SEQUENTIAL THiRD ORDER ROTATABLE DESIGN IN
) . S1% FACTORS

A sequential third order rotatable design in six factors consists
in performing experiments in the following two blocks.

Block (i) .
(i) 64 pomts of the point set (a a, a, a, a, a),
(i) 12 points of the point set (23'a, 0, 0, 0, 0, 0,),
plu.s 110, the requisite number of centre points. Total number of points
in block (i) = 76 + ny.
Block (D)

(1) C,,6 X 2% = 160 pomts of the point set (22’3a 2%3q, 221340, 0 0),~

(11) 24 points of the doubly repllcated pomt set W 2a 0 0 0,0, O)

plus ny, the requlslte number -of centre pomts Total number of
pomts 1n block (if) = 184 —{— n20 : g

The resultant des1gn contalns 260 noncentral pomts and the values,

of 759, 159 are to be determined from the equatlon (2.1) of orthogonal
blocking. The value of a, the scallng factor 1s chosen so thatZ‘ x,2=N.

8 USE OF FRACTIONAL R.EPLICATES

To reduce the s1ze of the expernnent a surtable fractronal factonal

can replace the .full factonal Cons1derable savings were demonstrated
by Box .and, I-Iunter [1957] in. the case of second. order rotatable designs
by the use of fractional repllcatlon for k > 4. For a third order Totatable
design, we must have at least seven factors to. make use of fractional

replication. ‘When' there -afe ‘sévenor ‘more” facfors,”wé have' to take
that fraction-of the total number of combinations which can be obtained

through an identity. group of interactions, in_which there is no inter-

action wrth less than séven factors “The half rephcate of the point set
(a,a, a, ..., a) in k-factors is the half replicate of the 2* factorial design
with levels 4 @ and - a: for all-the-factors: sWe will use the: usual
fractional factorial. notatlon, 1 (2%),>to denote: the ‘half- rephcate of the
point set (a,a, 4, .. ,a) ,

9, SEQUENTIAL' THIRD ORDER" ROTATABLE “DESIGN™ IN }
SEVEN FACTORS

A sequential thIrd order rotatable des1gn In seven factors may be
performed :in two stages of expernnentatlon by takrng the followmg
two blocks:— I St s shog L e
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-Block (i)
() 1 (27) = 64 points of- the half rephcated pomt set ,
(a,a,aa,a, a,a),
(if) 14 points of the point set (/7542072 7-5420724, 0,0, 0, 0, 0, 0),
(iii) 14 points of the pomt set (\/2 6677884, 0, 0, 0, 0,0, 0)

plus nyo, the requisite number of centre pomts Total number of points
in block (i) =92 + ny,.

Block (ii)

(i) C37x2% =280 points of the pomt set
(v2a, v/2a, 4/2a, 0,0,0,0) _ _
plus ny, the requisite number of‘ centre pomts Total numbet of points
in block (ii) = 280 + Pao- Tooh e

The resultant des1gn contalns 372 noncentral pomts and the Values
of my, 1y are to be calculated from equation (2.1) of orthogonal
blockmg The scahng factor a has to be SO chosen that % x;,2 = N.

- 10. SEQUENTIAL THIRD ORDER ROTATABLE DESIGNS IN.
SEVEN AND MORE NUMBER OF FACTORS

of greater mterest are those pomt sets whlch may - form sequent1a,1
,thlrd order- rotatable ‘designs in-seven factors 'and may be “extended
~ to'more than seven factors. In doing so,it was found that' the following
point ' sets constltute sequent1a1 thrrd order rotatable des1gns up to eleven

8

factors : : UL X -

(1) -% (2’ ) = 2‘*’L pomts of the half rephcated pomt set L
Fede s , (a,a ay: oo

. . it Lo : : 1 a),
(11) l(2’°) = 2"-’L pomts of the half rephcated pomt set T
’ (b b b,

(111) C ><23 po1nts of the pomt set! (c, ¢,¢,0,0, 0),
--where the element ‘¢ * occurs thrlce and zéro occlirs (k - 3)'
times, bR

(W) 2k points of the -polrit set (d,0,0,...,0) . -

v) 2k pomts of the pomt set (e 0,0, 0 0),
(v1) 2k pomts of the pomt set ( f, 0 0 0), T
(v11) 2k points of the point set (2“‘1)/4 a, 0 0 e O)
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For a design to be performed sequentially, the first block consists
of a set of points of the point sets (i).and. (vii) while the second block
comprises of the point sets (ii), (iii), (1v) ) and (wi). '

The relations (B), (CY), (Cp) of (1.2) give respectively- the following
equatlons

d4+e4+f4—2ﬂ—1b4+2(k_2)(7_k)c4 - (10.1)
2F—1 (ae -+ be) + 2 (23(k—1)/2 ab + d4s + es +f6) + C k—1 2306
= 5{2%1 (g% + B%) + (k — 2) 238}, . (10.2)
_2k—3(a6+b6) L . -
===y - (10.3)

Substrtutmg the value of c6 from (10. 3) in (10 2) and after s1mp11fy1ng,
we have

{s(k 5 (i 2)} 2”]
' o (10.4)

Let b% = pa?, (:2 = qa'-’- dz = ua2 e?= va-"' and fi= sa'“’ then the
’equatlons (0. 1), (10. 4), (10 3) reduce to _

u2+1}2—|—s2——2’”‘~ 2+2(k—2)(7—k)q, A .' . (10:5)
3118 _ okl 3 (1+P3) L
Rt [2(l+p)+(k 2
% {57(]{ ) &__L)Z(k___z)}_ 2(k—1)/2]

(10.6)

and
3 283 (1 +p3)“. S
k=15 . L N
For a sequential third order rotatable de51gn in k factors (k> 7), the
positive solutions for p, g, 4, v and s are so.chosen that the equations
(10.5), (10.6), and (10.7) are satlsﬁed Agam the scahng factor a,
is so chosen that X x,2=N. - - !
With k= 7, an infinite series .of sequentlal thlrd order rotatable
designs has been obtamed Puttmg k =17 1n (10 5), (0. 6), (10.7),
we get : ,

(10.7)
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uE 4 v? - 52— 20p2 o 0.8)

u&+p3+sa~2wn(1+pu—-&, h (10.9)
T A IR
O psaE - (10:10)

It is to be noted that the right-hand side of equatxon (10.9) will attain
positive number only when p*> 1/7. As mentioned earlier, the purpose
of taking three point sets (iv), (v)*and (vi) in thé second block is to
achieve positive solutions for u, v and s. We put s = 0, since' it’ is
possible to get pos1t1ve solutions for u and v.. Putting s =0, the
equatlons (10.8), (10.9) .reduce to .

M+UL—%2~A®w) R ([ 5 0
w+w—%na+w—& B@ﬁ . (10.12)

where 4 and B are real posmve numbers According . to Das [1961],
the positive solutions for u, v are access1ble if

£<m<ﬁ
2
ie., . S
' 0< (17p° — 14p° +1)212<212(32p6) Lo 00,19)

There will be infinite values of p satisfying the condltlon (10. 13) and
for each such value of D, we will get a rotatable arrangement. For
instance, the valués- of p Whlch satlsfy the left-hand equality of (10.13)
are glven by ‘

(7 (7 /32 .
1T
For o
3 _ (7T++32)
=17
the solutions for u, v are . . .. .. .. -

u = 'u =5 127048

LThe resultant des1gn contams 450 noncentral pomts W1th the values

of p, 4, u, v and s given by

(7 (7 4 v32).
B VAN
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s 804+ v/3)
q° = 17 ?

w=rp—5127048, and obvicusly s=0. For p®= (7 — /3217,
.we get negative value of B in (10.12) and thus the positive solutions for
u and v cannot be obtained. It can be seen that the limits for p® are
1 7+ v/32) - ' ”

S o« B ' “)

7<P S VAR
The value of p* which lie inside this limit will always furﬁish positive
solutions for 4 and wv. ,

It.is now .evident that the derivation of sequential third order
rotatable designs .can be. sought by assigning the positive specified
values to p, g, 4, v and s so that the equations (10.5), (10.6), and (10.7)
are satisfied. The table given below shows the values of p3, ¢3 u, v,
and s for- k=8, 9,10,11. Also given-are the total:number .of points
contained in each block. The- des1gns presented here are 51mply
111ustrat1ve and are not exhaustlve ' S

" TABLE
" The value ofp q u, v andsfor k=8,9, 10, 11

" 'The number Thenumber e

of of
- 2 . |experimental c\:penmental e N Rl 2 | e /2
points points - T . :

.| in block () | in block (u)

96 | 16:005= | 5987~ | 0 .

8| 1444w ”608%;;}0 Tmsg ] e

: : | gtz 0688 7388

9| 274+ | 964+@20 1238 5 96 | 11.426- | 5561- | ©
+ 2290+ 7220 6036 9408

10 | 53240 | 16124720 2044 12 |27x2-6|19-187- | 5-603- | 0
+7110 +7220 1124 2760 .

11 | 104647250 | 241047220 3456 27 | 210%7 | 24.182- | 11-508- | 18-8
230+ 7220 —3 | 870 0848

The total number of points, N, can be reduced for E=11 by taklng ireph-
cates of the point sets (i) and (ii).

) 11. SUMMARY

- Gardiner et al. [1959] studied in details the th1rd order multi-
factonal rotatable de31gns for fitting a third order (ie., a cubic) surface
and constructed sequential third order rotatable designs up to four
factors. Draper [1960] constructed infinite series. of third order
rotatable designs in three dimensions and also obtamed one third order
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rotatable design in 96 noncentral points in. four dimensions. Recently,
Das [1961] suggested a further method using a modified form of factorial
design and obtained: through this  method sequentlal as ‘well as non-
sequential . third order rotatable designs up.to. seven factors,. In the
present investigation, sequent1a1 th1rd order rotatable designs upto eleven
factors have been obtained. Most of these des1gns possess the desirable
property of having small number ‘of experimental points.
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